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THEORETICAL INVESTIGATION OF THE BEHAVIOR OF 
COHESIVE HOMOGENEOUS GAS-FLUIDIZED BEDS 
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Department of Chemical Engineering, University College London, Torrington Place, 
WC1E 7JE, UK 
T: +44 (0)20 7679 4328; F: +44 (0)20 7383 2348; E: l.mazzei@ucl.ac.uk 
ABSTRACT 
We modeled the behavior of a cohesive homogeneous gas-fluidized bed, accounting for 
enduring contacts among particles. We used the model to predict the expansion profile 
of the bed, which matched well experimental data. A purely fluid dynamic model, on the 
contrary, would describe the expansion incorrectly. 
INTRODUCTION 
Fluidization is the operation in which a bed of granular material is made to acquire fluid-
like behavior by a fluid flowing through it. When the fluid flow rate increases, initially the 
bed remains fixed, but the drag force which the fluid exerts on the particles rises along 
with the bed pressure drop. When the drag force counterbalances the effective weight 
of the particles, the bed is at minimum fluidization; then, a further increase in fluid flow 
rate no longer raises the pressure drop, but makes the bed expand uniformly. 
The behavior just described is typical of powders fluidized by liquids (1,2,3,4), but small 
particles with low density fluidized by gas show similar behavior. These are classified by 
Geldart (5) as group A particles. 
Many researchers studied the physical origin of the behavior of group A particles. Some 
ascribed the stability of uniform fluidized powders to the effect of interparticle forces (6, 
7,8), while others sought for a purely fluid dynamic explanation (9,10,11). 
Valverde et al. (12) examined the dynamics of gas-fluidized beds. They reported that 
the interval of stability observed in gas-fluidized group A particles has two regimes, one 
with ‘solid-like’ and another with ‘fluid-like’ behavior. The first is characterized by the 
existence of a network of permanent particle-particle contacts that stabilizes the bed 
against small perturbations. In the second, conversely, particle contacts are absent and 
the bed behaves like a low viscosity liquid whose upper surface remains horizontal 
when tilted. These observations suggest that the stability of gas-fluidized beds has two 
distinct origins: one related to the particle-particle contact forces and one purely fluid 
dynamical (since in the fluid-like regime beds are still uniform, but no particle enduring 
contacts are present). 
In this work, we attempt to provide further insight into the stable behavior of cohesive 
homogeneous gas-fluidized beds. We believe that the effect of cohesiveness in such 
beds is reflected by the presence of enduring contacts among the particles. These 
enduring contacts characterize the homogeneous gas-fluidized beds in the solid-like 
regime; consequently, we focus our analysis on it. In the analysis, we used the linear 
momentum balance equation reported by Jackson (13), which accounts for enduring 
contacts among particles. Solving the model in MATLAB 2008, we determined the axial 
profiles of void fraction through the fluid bed at different superficial gas velocities for one 
powder investigated experimentally in the literature. Plotting the average void fraction 
against the superficial gas velocity in the Richardson & Zaki (2) form, we then computed 
the values of the parameters 	n and  that appear in the correlation. We finally 
compared their values with the experimental values reported in the literature. In what 
follows, we briefly review the Richardson & Zaki equation, discussing on its ability to 
predict the expansion profiles of gas-fluidized beds. 
RICHARDSON & ZAKI EQUATION AND HOMOGENEOUS EXPANSION OF GAS-
FLUIDIZED POWDERS 
Richardson & Zaki (2) advanced an empirical relationship between the sedimentation 
velocity u of identical particles in a liquid and the void fraction ε of the dispersion. The 
equation reads: 
  	             (1) 
where		
 is an empirical parameter which depends on the free fall particle Reynolds 
number , and  is the unhindered terminal settling velocity of the particles. Many 
correlations have been proposed for obtaining the value of 
. We report the empirical 
relationship of Rowe (14), which we used in this work. 
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The unhindered terminal settling velocity  on the other hand can be obtained using 
Dallavale (15) correlation which is valid for all flow regimes. 
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In the creeping flow regime,   24/ and the above equation reduces to the well-
known Stokes equation: 
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Here μ/ and $% are the viscosity and density of the fluid, respectively, &' denotes the 
diameter of the particles, $' is the particle density, and - is the gravity. 
The Richardson & Zaki (2) equation and the correlations proposed for estimating the 
exponent 
	 and  are found to hold for liquid-fluidized systems, where they are very 
accurate in providing an excellent account of the expansion profiles of such systems. 
But questions were raised regarding the applicability of these empirical correlations to 
gas-fluidized systems. While trying to answer these questions, researchers (16,17,18, 
19) found experimentally that the values of the exponent 
 and parameter 	 for gas-
fluidized beds are higher than those predicted by Eqs. 2 and 3, respectively, relating 
this to the effect of interparticle and fluid dynamic forces in the bed. To emphasize this, 
we shall denote these experimental values as 
∗ and	∗. The latter, as said, differ from 
the fluid dynamic values of 	
 and	 observed in liquid-fluidized beds and predicted by 
Eqs. 2 and 3, respectively. 
In this work, we investigated the solid-like regime of fluidization, where particles are in 
enduring contacts (see Section 1), intending to show that the latter are responsible for 
the higher values of	
∗ and	∗ observed experimentally for cohesive gas-fluidized beds. 
We employed a theoretical approach to analyze the expansion of uniform gas-fluidized 
powders, taking into consideration the enduring contacts. 
THEORETICAL ANALYSIS 
A force balance in the z-direction, assumed to be vertical, for a particle assembly in the 
regime of stable bed expansion gives: 
																																											&1&2 3
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Here	1 is the 22-component of the compressive stress, 2 is the vertical coordinate 
measured from the upper surface of the bed, 4 is the diameter of the bed,	) is the 
coefficient of wall friction, 5 is the Janssen’s coefficient (20),	$' is the particle density, 6 
is the solid volume fraction and - is the gravitational acceleration. Finally,	7 is the drag 
coefficient and   is the superficial velocity of the gas. 
The first term on the left-hand side of Eq. 5 is the gradient of the normal stress. This 
term arises because the particles in the bed are assumed to have enduring contacts. 
Consequently, the term accounts for the cohesiveness of the particles, which relates to 
forces transmitted through particle-particle contacts. In this work, our aim is not to 
quantify these forces; rather, it is to investigate how their presence influences the 
behavior of the bed, in particular the homogeneous expansion of the latter. Following 
Jackson (13), we adopt this constitutive equation: 
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Where		 is the terminal velocity of a particle and	
 is the hydrodynamic Richardson & 
Zaki exponent. We point out that the hydrodynamic value of 		
 is used because the 
drag force is hydrodynamic and entirely unrelated to particle-particle interaction forces. 
If we employed the experimental value of 
 in Eq.6, we would no longer be modeling 
the drag force: we would be modeling an ‘effective force’ that combines the drag and 
interparticle forces (this point has been mentioned in Section 2). Therefore, to calculate 
the value of 
 in Eq. 6, we employed Eq. 2, which is purely fluid dynamic and unrelated 
to powder cohesiveness. 
In Eq. 5 there are two unknowns: 1	and 6. To obtain the profiles of solid volume fraction 
ϕ in the bed, we need to express the compressive stress	1	 as a function of 6 and then 
substitute this expression in the linear momentum balance equation. The variables	1 
and 6 are related during defluidization since the powder is always at the consolidation 
yielding point. The function	16 thus represents a consolidation yield locus. We used 
the expression suggested by Johnson et al. (21), shown below: 
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where		6;<		denotes the lowest solid volume fraction at which the assembly of particles 
is capable of supporting stress through a structure of enduring contacts, while ϕABC 
denotes the highest solid volume fraction that can be obtained in simple fluidization and 
defluidization processes without using mechanical means. Finally, D, E	and 	c are 
positive constants. 
It is worth stressing again that the relationship given in Eq.7 applies when the bed is in 
compressive yield, during the defluidization process. If we differentiate Eq. 7 and then 
combine it with Eqs. 5 and 6, we obtain: 
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The coefficient of wall friction ) is a property of the vessel containing the fluidized bed 
and can be estimated by fitting the experimental fluidization/defluidization data to the 
model. The value of 5 is related to the angle of internal friction  K	 of the powder as 
reported by Srivastava & Sundaresan (20):  
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The total mass of solid per cross-sectional area of the bed O		is constant and therefore 
the following equation can be written: 
																																																										$'P 62&2  O							
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We can obtain the solid volume fraction profile in the bed for different superficial gas 
velocities by integrating Eq. 8 with the boundary condition:	2  0, 6  6;<	. 
SIMULATION RESULTS 
We ran the simulations using the glass beads used by Srivastava & Sundaresan (20).  
Table 1: Physical properties of powder 
 Mean particle diameter (µm) 50 
Particle density, g/cm3 2.35 
Angle of internal friction, φ 130 
The physical properties of the powder are reported in Table 1.To obtain the solid 
volume fraction profiles during defluidization, we solved Eq. 8 in MATLAB 2008. The 
parameters 6;<	,	6;=>, D, E, :,			)	and	5 were obtained from the experimental work of 
Srivastava & Sundaresan (20). To obtain 
	 and  one needs to use an appropriate 
particle diameter. Generally, the surface-volume diameter dUV, that is, the diameter of a 
particle having the same external surface to volume ratio as a sphere, is accepted as 
the most appropriate in fluidization calculations. However, Srivastava & Sundaresan 
(20) did not report the value of dUV. Thus, we calculated it from the terminal velocity that 
they reported, using the value obtained to calculate 
	 and 	using Eqs. 2 and 3, 
respectively. We report in Table 2 the values of the model parameters. 
Table 2: Model parameters for XL glass beads 
WX  (cm/s) Y Z [ \ ] ^_`Y ^_[a b 
  6.00 4.72   0.07   1.00   1.00   0.043   0.45   0.55   0.63 
 
By integrating Eq. 8 numerically, we determined the solid volume fraction profiles in the 
bed at various superficial gas velocities. 
Effects of powder cohesiveness and walls 
We believe that the larger values of 
∗ and	∗  are caused by the enduring contacts 
among the particles, which in turn are a manifestation of cohesiveness. In uniform 
fluidized beds operating in the fluid-like region these contacts are absent, and so the 
Richardson & Zaki (2) parameters take the expected fluid dynamic values denoted as 
 
and . This is what happens in liquid-fluidized beds. In most of the stable interval of 
homogeneous expansion, however, gas-fluidized beds find themselves in the solid-like 
region, where enduring contacts among the particles are present. We believe that this 
explains why the values of the Richardson & Zaki (2) parameters are larger. We are 
now in a position to put this claim to the test. The results of the model reported above 
provide, for any given superficial gas velocity, the axial profile of the solid volume 
fraction, and therefore of the void fraction as well. Using these profiles, we can calculate 
the mean values of the void fraction through the bed as a function of the superficial gas 
velocity; such values are what we usually measure in experiments on homogeneous 
beds and use in the Richardson & Zaki (2) correlation. Plotting them against the gas 
velocity in the Richardson & Zaki form, we can then determine the values of 
∗ and	∗ 
and compare them to the fluid dynamic ones predicted by the relations reported in the 
literature and the experimental ones obtained from the data reported by Srivastava & 
Sundaresan (20). We now report the results of this analysis. 
From the profiles of solid volume fraction, we calculated the average solid volume 
fraction 6c at each fluidizing velocity  in the stable interval of expansion, using the 
following relationship: 
																																																																		6c  1dP 62&2
Q
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By plotting  against 6	e in the Richardson & Zaki form, we obtained the theoretical 
values of 
∗ and	∗ as follows: 
																																																									fg-	  log∗	  
∗	fg-1 + 6c																																															12 
Table 3: Theoretical and Experimental values of 
∗ and	∗	for XL glass beads 
 Theoretical Experimental Hydrodynamic 
D (cm) 
∗ ∗:O/L 
∗ ∗ (cm/s) 
 :O/L 
5.08    6. 67   20.56      6.40 15.56       4.72 6.00 
2.54    7. 61   37.43      7.43  33.10       4.72 6.00 
 
To investigate the role of cohesiveness on the fluidization behavior, we reasoned as 
follows: If truly there were no particle-particle contacts in the fluidized bed, the particles 
floating freely in the fluid and the homogeneous expansion being dictated solely by the 
fluid dynamic forces in the bed, as some authors argue, we would expect the values of 

∗ and	∗ to be the same as the values used in our simulations to model the drag force 
(
	and ). But this is not the case, the values of  
∗ and	∗ being higher. In particular, 
the values of 
∗  are higher than the limiting values ascribed to 
 in the limits of inertial 
and viscous regimes (discussed in Section 2). Table 3 reports the values of 
∗ 
and	∗	in beds of different diameters. The theoretical values of  
∗ and	∗ obtained 
from our simulations show a reasonable agreement with the experimental results. 
Furthermore, the value of  
∗ and	∗	increase as the vessel diameter decreases. We 
attribute this to the effect of wall friction on the fluidized state which becomes more 
pronounced as the vessel wall provides additional support to the bed. To investigate 
this aspect, we ran simulations considering different bed diameters. Following the same 
procedures described in Section 4, we obtained the values of 
∗ and	∗ for different 
values of 4. Figures 1 and 2 respectively show the plots of 
∗ and	∗ against 4	for the 
powder. As the vessel diameter increases, the values of 
∗ and	∗ decrease. This 
reflects the reduced contribution of the wall effect on the bed behavior as size of the 
bed increases. At a bed diameter of around 20 cm, the values of 
∗ and	∗		remain 
fairly constant. This reveals that the effect of the wall on fluidization is significant up to a 
certain value of the bed diameter, beyond which the wall has no appreciable effect on 
the behavior of the bed. Even though beyond this diameter the wall effect on the bed is 
no longer significant, we observed that the values of 
∗ and	∗ are still higher than the 
hydrodynamic values of  
	 and  as shown on the plot. This clearly reveals that the 
cohesiveness of the powder alone, through the enduring particle-particle contacts that it 
promotes, is able to account for the larger values of	.	
∗ and	∗ The walls merely 
amplify this effect. 
 
 Figure 1: Values of 
∗ against 4 for XL glass beads 
 
Figure 2: Values of  ∗ against 4 for XL glass beads  
CONCLUSIONS 
We adopted Jackson’s (13) model to investigate the behavior of gas-fluidized cohesive 
particles. These usually find themselves in the solid-like regime, in which they maintain 
enduring contacts. These contacts, which are a manifestation of powder cohesiveness, 
strongly affect the expansion profile of the bed, as the results of our model evidenced. 
The results showed that, in addition to cohesiveness, wall friction plays a significant role 
provided the bed diameter is not too large. 
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NOTATION 
D Bed diameter    6 Solid volume fraction  

 Richardson & Zaki exponent  K Angle of internal friction 
        Particle terminal velocity   Superficial gas velocity 1  Normal stress                                    )% Fluid viscosity 
$% Fluid density     Drag coefficient 
 Terminal Reynolds number  &' Particle diameter 
) Coefficient of friction   $' Particle density 

∗ Experimental  
   ∗ Experimental  7 Drag function        Superficial gas velocity 
5 Janssen’s coefficient   d Bed height 
&kl Surface-volume mean diameter 2 Vertical coordinate 
6;<	 Minimum 	6    6;=> Maximum 	6	 
6c Mean  6    O Mass of solid per cross section 
D, E	,	c Positive constants   - Gravity 
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